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Abstract
This work deals with the modelling and control of a riderless bicycle rolling on a moving plane. It is assumed here that the
bicycle is controlled by a pedalling torque, a directional torque and by a rotor mounted on the crossbar that generates a tilting
torque.
In particular, a kinematic model of the bicycle’s motion is derived by using its dynamic model. Then, using this kinematic
model, the expressions for the applied torques are obtained.
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1. Introduction
This work deals with the modelling and control of a riderless bicycle rolling on a moving plane (see Fig. 1). It is
assumed here that the bicycle is controlled by a pedalling torque, a directional torque and by a rotor mounted on the
crossbar that generates a tilting torque.
In particular, let I, J and K be unit vectors along an inertial (X, Y, Z)-coordinate system. Thus, it is assumed here
that the (X, Y )-plane moves at a velocity u
u = u1I + u2J, (1)
where u1 and u2 are given smooth functions of time t .
In particular, a kinematic model of the bicycle’s motion is derived by using its dynamic model. Then, using this
kinematic model, the expressions for the applied torques are derived.
Furthermore, let the dynamic model of the bicycle’s motion be given by
Mq¨+H = F,
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Fig. 1. The bicycle.
whereM is the inertia matrix, q is the vector of generalized coordinates and F is the vector of generalized forces.
Then, it is shown here that M = M(q) and H = H(q, q˙,u, u˙). That is, the motion of the plane effects only the
termH.
The control of the motion of a riderless bicycle is dealt with in [1–3,6]. In [1] the bicycle’s motion is controlled by
a pedalling torque and a directional torque, and a point-to-point control law, which does not address the stabilization
problem, is proposed. In [2] the bicycle’s motion is controlled by a pedalling torque, a directional torque and by a
blade rotor which is mounted on the crossbar. There, by using successively two inverse dynamics transformations
a control law is proposed by which the bicycle’s motion is stabilized and a point-to-point manoeuvre is performed.
However, this control law is not valid if there are constraints on the bicycle’s motion and, furthermore, the application
of a blade rotor induces oscillations on the bicycle’s motion. In [3] the bicycle’s motion is controlled by a pedalling
torque, a directional torque and by a circular plate rotor which is mounted on the crossbar. There, by using an inverse
dynamics control and the method of feasible commands [4,5], a control law is proposed, by which the bicycle’s
motion is stabilized and a point-to-point manoeuvre, subjected to constraints on the bicycle’s motion, is performed.
Furthermore, the application of a circular plate rotor does not induce oscillations on the bicycle’s motion. In [6], by
using the dynamic model of the bicycle’s motion, a kinematic model is derived. By using the kinematic model and
the method of feasible commands [4,5], a control law is proposed, by which the bicycle’s motion is stabilized and
a point-to-point manoeuvre, subjected to constraints on the bicycle’s motion, is performed. This work is to a large
extent a continuation of [3,6].
2. Dynamic model
2.1. Preliminaries
This work deals with the modelling and control of the motion of a riderless bicycle as described above. The
bicycle’s wheels are rolling without slipping on a moving horizontal (X, Y )-plane. Denote by k1
k1 = sin θ cosφI + sin θ sinφJ + cos θK, (2)
a unit vector along the axis of the bicycle’s rear wheel. Then, the vectors iθ and i1, given by iθ = ∂k1/∂θ and
i1 = (1/ sin θ)∂k1/∂φ are at all times in the plane of the rear wheel. Denote by aR the radius of the rear wheel and by
aF the radius of the front wheel. It is assumed here that:
(i) aR > aF;
(ii) the crossbar (connecting points 1 and 2, see Fig. 1) is always aligned along the vector i1.
Also, let the vector k3
k3 = sin θ cosφ3I + sin θ sinφ3J + cos θK, (3)
describe a unit vector along the axis of the front wheel. Note that k1 and k3 determine the geometrical orientations of
the rear and front wheel. Furthermore, define iθ3 = ∂k3∂θ and i3 = (1/ sin θ) ∂k3∂φ3 . Then, 〈i1, i3〉 = cos(φ3 − φ). That is,
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φ3 − φ is the steering angle of the bicycle. Thus, the following notation will be used here:
δ = φ3 − φ. (4)
Here 〈a, b〉 denotes the inner product between vectors a and b. Following [3], the following vectors, iDR , jDR , iDF
and jDF , are defined
iDR = cosψ1iθ + sinψ1i1, jDR = −sinψ1iθ + cosψ1i1, (5)
which are always in the plane of the rear wheel, and
iDF = cosψ3iθ3 + sinψ3i3, jDF = −sinψ3iθ3 + cosψ3i3, (6)
which are always in the plane of the front wheel. Hence, (iDR, jDR, k1) is the set of body axes for the rear wheel,
and (iDF , jDF , k3) is the set of body axes for the front wheel. Here ψ1 denotes the angle of rotation of the rear wheel
about its axis k1, and ψ3 denotes the angle of rotation of the front wheel about its axis k3.
In this work the crossbar is treated, by approximation, as a simple bar. Thus, see [3], the set of body axes for the
crossbar is given by (k1, iθ , i1). The rotor is mounted on the crossbar with its axis along i1. Denote by α the angle of
rotation of the rotor about its axis and define the following vectors:
iα = cosαk1 + sinαiθ , jα = −sinαk1 + cosαiθ . (7)
Thus, it follows, [3], that the set of body axes for the rotor is given by (iα, jα, i1). Thus, θ, φ,ψ1, φ3, ψ3 and α are
playing here the following roles: θ is the leaning angle of the rear wheel, that is, the angle between the rear wheel
axis and the Z -axis, where for θ = pi/2 the plane of the rear wheel is vertical to the (X, Y )-plane; i1 represents the
direction of the rear wheel, i3 represents the direction of the front wheel, ψ1 represents the angle of rotation of the rear
wheel about its axis, ψ3 represents the angle of rotation of the front wheel about its axis, δ = φ3 − φ is the steering
angle and α is the angle of rotation of the rotor about its axis i1.
Denote by r1 the centre of the rear wheel, by r0 the centre of mass of the crossbar, by r2 the location of the
directional control mechanism and by r3 the centre of the front wheel. Then
r1 = x1I + y1J + aR sin θK, r0 = r1 + L0i1, r2 = r1 + Li1, r3 = r2 + Diθ3, (8)
where L0 = ‖r0 − r1‖, L = ‖r2 − r1‖ and D = ‖r3 − r2‖, 0 < L0 < L . Hence
v0 = v1 − L0 dφdt j1, v2 = v1 − L
dφ
dt
j1, v3 = v2 + D
(
−dθ
dt
k3 + dφ3dt cos θ i3
)
, (9)
where
vi = dridt , i = 0, 1, 2, 3, iν = −sinφνI + cosφνJ,
jν = cosφνI + sinφνJ, ν = 1, 3, φ1 = φ, φ3 = φ + δ. (10)
2.2. The Lagrangian function
The Lagrangian function [7] or [8], for the motion of the bicycle is given by
L = KRW +KCB +KRO +KST +KFW − V, (11)
where
KRW = 12 ID11
[(
dθ
dt
)2
+
(
dφ
dt
)2
sin2 θ
]
+ 1
2
ID31
(
dψ1
dt
+ dφ
dt
cos θ
)2
+ 1
2
mR
[(
dx1
dt
)2
+
(
dy1
dt
)2
+ a2R
(
dθ
dt
)2
cos2 θ
]
, (12)
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which is the kinetic energy of the rear wheel
KCB = 12
[
ICB1
(
dφ
dt
)2
+ ICB3
(
dθ
dt
)2]
+ 1
2
mCB
[(
dx0
dt
)2
+
(
dy0
dt
)2
+ a2R
(
dθ
dt
)2
cos2 θ
]
, (13)
which is the kinetic energy of the crossbar
KRO = 12
[
IRO1
(
dφ
dt
)2
+ IRO3
(
dα
dt
+ dθ
dt
)2]
+ 1
2
mRO
[(
dx0
dt
)2
+
(
dy0
dt
)2
+ a2R
(
dθ
dt
)2
cos2 θ
]
, (14)
which is the kinetic energy of the rotor
KST = 12 IS
(
dφ3
dt
− dφ
dt
)2
+ 1
2
mS
[(
dx1
dt
)2
+
(
dy1
dt
)2
+ a2R
(
dθ
dt
)2
cos2 θ − 2L dφ
dt
(
dx1
dt
cosφ + dy1
dt
sinφ
)]
+ 1
2
mS L2
(
dφ
dt
)2
, (15)
which is the kinetic energy of the steering mechanism
KFW = 12 ID13
[(
dθ
dt
)2
+
(
dφ3
dt
)2
sin2 θ
]
+ 1
2
ID33
[
dψ3
dt
+ dφ3
dt
cos θ
]2
+ 1
2
mF
[(
dx3
dt
)2
+
(
dy3
dt
)2
+ a2F
(
dθ
dt
)2
cos2 θ
]
, (16)
which is the kinetic energy of the front wheel and
V = (mRaR + mCBaR + mROaR + mSaR + mFaF)g sin θ, (17)
which is the potential energy of the bicycle.
In Eqs. (12)–(17) the following notation is used:
mR denotes the mass of the rear wheel,
mF denotes the mass of the front wheel,
mCB denotes the mass of the crossbar,
mRO denotes the mass of the rotor,
mS denotes the mass of the steering mechanism,
ID11 denotes the moment of inertia of the rear wheel about iDR ,
ID21 denotes the moment of inertia of the rear wheel about jDR and
ID31 denotes the moment of inertia of the rear wheel about k1, ID11 = ID21,
ICB1 denotes the moment of inertia of the crossbar about k1,
ICB2 denotes the moment of inertia of the crossbar about iθ , ICB1 = ICB2 and
ICB3 denotes the moment of inertia of the crossbar about i1,
IRO1 denotes the moment of inertia of the rotor about iα ,
IRO2 denotes the moment of inertia of the rotor about jα , IRO1 = IRO2 and
IRO3 denotes the moment of inertia of the rotor about i1,
IS denotes the moment of inertia of the steering mechanism about iθ3,
ID13 denotes the moment of inertia of the front wheel about iDF ,
ID23 denotes the moment of inertia of the front wheel about jDF , ID13 = ID23 and
ID33 denotes the moment of inertia of the front wheel about k3.
Also, g denotes the gravitation acceleration constant.
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2.3. Nonholonomic constraints
Denote by q the vector of generalized coordinates of the motion dealt with here, that is
q = (x1, y1, x0, y0, θ, φ, ψ1, φ3, ψ3, x3, y3, α)T, p = dqdt . (18)
The motion of the bicycle is subjected to the following nonholonomic and kinematic constraints:
dx1
dt
− aR
[
dθ
dt
sin θ cosφ + dφ
dt
cos θ sinφ + dψ1
dt
sinφ
]
= u1, (19)
dy1
dt
− aR
[
dθ
dt
sin θ sinφ − dφ
dt
cos θ cosφ − dψ1
dt
cosφ
]
= u2, (20)
which are the nonholonomic constraints acting on the rear wheel,
dx3
dt
− aF
[
dθ
dt
sin θ cosφ3 + dφ3dt cos θ sinφ3 +
dψ3
dt
sinφ3
]
= u1, (21)
dy3
dt
− aF
[
dθ
dt
sin θ sinφ3 − dφ3dt cos θ cosφ3 −
dψ3
dt
cosφ3
]
= u2, (22)
φ3 = φ + δ, which are the nonholonomic constraints acting on the front wheel,
−dx0
dt
+ dx1
dt
− L0 dφdt cosφ = 0, −
dy0
dt
+ dy1
dt
− L0 dφdt sinφ = 0, (23)
which are kinematic (geometrical) constraints that follow from Eq. (9).
From Eqs. (19) and (20) it follows that:
v1 =
[
−aR
(
dψ1
dt
+ dφ
dt
cos θ
)
+ P1(φ)
]
i1 +
[
aR
dθ
dt
sin θ + P2(φ)
]
j1 + aR dθdt cos θK, (24)
and from (21) and (22) it follows
v3 =
[
−aF
(
dψ3
dt
+ dφ3
dt
cos θ
)
+ P1(φ3)
]
i3 +
[
aF
dθ
dt
sin θ + P2(φ3)
]
j3 + aF dθdt cos θK, (25)
where
iν = −sinφνI + cosφνJ, jν = cosφνI + sinφνJ, ν = 1, 3, (26)
P1(φν) = −u1 sinφν + u2 cosφν, P2(φν) = u1 cosφν + u2 sinφν, ν = 1, 3, (27)
and φ1 = φ, φ3 = φ + δ.
In a similar manner one has
v2 =
[
−aR
(
dψ1
dt
+ dφ
dt
cos θ
)
+ P1(φ1)
]
i1 +
[
aR
dθ
dt
sin θ − L dφ
dt
+ P2(φ1)
]
j1 + aR dθdt cos θK, (28)
By using the relation r3 = r2 + Diθ3, D = aR − aF, the following equation is obtained:
v3 = v2 + D
[
−dθ
dt
k3 + dφ3dt cos θ i3
]
. (29)
Hence,
〈v3, i3〉 = 〈v2, i3〉 + D
[
−dθ
dt
〈k3, i3〉 + dφ3dt cos θ〈i3, i3〉
]
. (30)
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Or, in explicit form
−aF
[
dψ3
dt
+ dφ3
dt
cos θ
]
+ P1(φ3) =
[
−aR
(
dψ1
dt
+ dφ
dt
cos θ
)
+ P1(φ1)
]
cos δ
−
[
aR
dθ
dt
sin θ − L dφ
dt
+ P2(φ1)
]
sin δ + D dφ3
dt
cos θ,
δ = φ3 − φ. (31)
Eq. (31) can be written in the following form:
a75
dθ
dt
+ a76 dφdt + a77
dψ1
dt
+ a78 dφ3dt + aF
dψ3
dt
+ P(φ1, φ3) = 0, (32)
where
a75 = −aR sin θ sin δ, a76 = −aR cos θ cos δ + L sin δ, a77 = −aR cos δ,
a78 = (aF + D) cos θ, P(φ1, φ3) = −P1(φ3)+ P1(φ1) cos δ − P2(φ1) sin δ. (33)
Eqs. (19)–(23) and (32) constitute the nonholonomic and kinematic constraints for the motion of the bicycle. Eq. (30)
states that the tangential velocity of the front wheel rim must be equal to the linear velocity of the front wheel rim
with respect to the ground. See, a simpler problem, called the street vendor’s cart, discussed by Hamel, [7]. Define
A = (A1,A2), (34)
where
A1 =

1 0 0 0 a15 a16
0 1 0 0 a25 a26
0 0 0 0 a35 0
0 0 0 0 a45 0
1 0 −1 0 0 a56
0 1 0 −1 0 a66
0 0 0 0 a75 a76

, A2 =

a17 0 0 0 0 0
a27 0 0 0 0 0
0 a38 a39 1 0 0
0 a48 a49 0 1 0
0 0 0 0 0 0
0 0 0 0 0 0
a77 a78 aF 0 0 0

, (35)
and
a15 = −aR sin θ cosφ, a16 = −aR cos θ sinφ, a17 = −aR sinφ, a25 = −aR sin θ sinφ, (36)
a26 = aR cos θ cosφ, a27 = aR cosφ, a35 = −aF sin θ cosφ3, a38 = −aF cos θ sinφ3, (37)
a39 = −aF sinφ3, a45 = −aF sin θ sinφ3, a48 = aF cos θ cosφ3, a49 = aF cosφ3, (38)
a56 = −L0 cosφ, a66 = −L0 sinφ. (39)
Let A3 be a submatrix of A, consisting of columns 1, 2, 10, 11, 3, 4, and 9 of A. Then, it is easy to show that
det A3 = aF. Hence, rank A = 7, that is the seven constraints given by Eqs. (19)–(23) and (32) are independent. The
constraints forces 0(const) induced by (19)–(23) and (32) are given by (see for example, [9])
0(const) = ATλ, 0(const) ∈ R12, λ = (λ1, λ2, λ3, λ4, λ5, λ6, λ7)T, (40)
where λi , i = 1, 2, 3, 4, 5, 6, 7, are Lagrange like multipliers.
2.4. The Lagrange equations
Thus, the Lagrange equations, for the case of nonholonomic and/or kinematic constraints, [7–9], turn out here to
be
d
dt
(
∂L
∂pi
)
− ∂L
∂qi
= Γi + Γ (const)i , i = 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, (41)
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where Γi , i = 1, . . . , 12 are the applied torques; Γi = 0, i = 1, 2, 3, 4, 5, 6, 9, 10, 11; Γ7 = Γψ1, the pedalling
torque; Γ8 = Γφ 3, the directional torque; and Γ12 = Γα , the torque applied to the rotor.
Thus, by using the results of [3], the following equations are obtained:
M(θ, δ)
d2q′
dt2
+ h(q, p,u, u˙) = Γ ′, (42)
d2α
dt2
= −d
2θ
dt2
+ I−1RO3Γα, (43)
where
M =

m55 m56 m57 m58 IRO3
m56 m66 m67 m68 0
m57 m67 m77 m78 0
m58 m68 m78 m88 0
 , h =

h5
h6
h7
h8
 , q′ =

θ
φ
ψ1
φ3
α
 , Γ ′ =

0
0
Γψ1
Γφ 3
 , (44)
and
m55 = I51 + I52 cos2 θ + (mO1a2R + mFa2F + a2Ra−2F I O33 sin2 δ) sin2 θ, (45)
m56 = −aR
[
m11 + a−2F I O33 sin δa76
]
sin θ, (46)
m57 = a2Ra−2F I O33 sin θ sin δ cos δ, m58 = −aR Da−2F I O33 sin θ sin δ cos θ, (47)
m66 = I66 + ID11 sin2 θ + (ID31 + mO1a2R) cos2 θ + I O33a−2F a276, (48)
m67 = (ID31 + mO1a2R) cos θ − I O33aRa−2F cos δa76, (49)
m68 = −IS + I O33a−2F D cos θa76, (50)
m77 = ID31 + mO1a2R + I O33a2Ra−2F cos2 δ, m78 = −aRDa−2F I O33 cos θ cos δ, (51)
m88 = IS + ID13 sin2 θ + D2a−2F I O33 cos2 θ, (52)
I51 = ID11 + ICB3 + IRO3 + ID13, I52 = (mR + mCB + mRO + mS)a2R + mFa2F, (53)
I O33 = ID33 + mFa2F, mO1 = mR + mS + mCB + mRO, (54)
m11 = mSL + (mCB + mRO)L0, (55)
I66 = ICB1 + IRO1 + mSL2 + IS + (mCB + mRO)L20. (56)
By inserting φ¨3 from the fourth row of (42), and α¨ from (43), into the first three rows of (42), the following equation
is obtained:D11 D12 D13D12 D22 D23
D13 D23 D33
 θ¨φ¨
ψ¨1
+
 f1f2
f3
 =
0 −1 −m58m−1880 0 −m68m−188
1 0 −m78m−188
Γψ1Γα
Γφ 3
 (57)
or, in matrix notation
D(θ, δ)
d2Q
dt2
+ f = E0, Q = (θ, φ, ψ1)T, f = ( f1, f2, f3)T, 0 = (Γψ1,Γα,Γφ 3)T, (58)
where
D11 = m55 − m258m−188 − IRO3, D12 = m56 − m58m68m−188 , D13 = m57 − m58m78m−188 , (59)
D22 = m66 − m268m−188 , D23 = m67 − m68m78m−188 , D33 = m77 − m278m−188 , (60)
f1 = h5 − m58m−188 h8, f2 = h6 − m68m−188 h8, f3 = h7 − m78m−188 h8, (61)
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and det E = m68m−188 . The functions hi , i = 5, 6, 7, 8, are given in the Appendix.
2.5. The kinematic model
It is assumed here that for a proper set of parameters, there exists a number Dmin > 0 such that det D(θ, δ) ≥ Dmin
for all relevant values of (θ, δ), see the Section 3 for more details. Henceforward, the discussion here is confined to
such a set of parameters.
In this section a procedure is described for the derivation of the kinematic model for the bicycle’s motion.
1. By introducing the following control law:
E0 = D(θ, δ)w+ f (q, p,u, u˙), (62)
where w = (w1, w2, w3)T, then, for the domain determined by det E > 0, Eqs. (58) and (62) imply
d2θ
dt2
= w1, d
2φ
dt2
= w2, d
2ψ1
dt2
= w3. (63)
2. Choose the following law for w1:
w1 = −k(1)1
dθ
dt
− k(1)2
(
θ − pi
2
)
, (64)
where k(1)i > 0, i = 1, 2 are chosen such that the polynomial
f (1)2 (s) = s2 + k(1)1 s + k(1)2 , (65)
has its roots in the left-hand side of the s-plane. Thus
θ(t)→ pi
2
and
dkθ(t)
dtk
→ 0 as t →∞, k = 1, 2. (66)
3. Choose the funcion w2 in the following manner:
w2 = −k(2)1
dφ
dt
− k(2)2 φ + k(2)2 φ3, (67)
where k(2)i > 0, i = 1, 2 are chosen such that the polynomial
f (2)2 (s) = s2 + k(2)1 s + k(2)2 , (68)
has its roots in the left-hand side of the s-plane.
4. Denote w3 = v1, that is
d2ψ1
dt2
= v1, (69)
and let φ3, which is a controlled variable be driven by
d2φ3
dt2
= −k(3)1
dφ3
dt
− k(3)2 φ3 + v2, (70)
where k(3)i > 0, i = 1, 2 are chosen such that the polynomial
f (3)2 (s) = s2 + k(3)1 s + k(3)2 , (71)
has its roots in the left-hand side of the s-plane.
5. By using the first row of Eq. (42) and Eqs. (63), (64), (67), (69) and (70), the following equation is obtained:
d2α
dt2
= −I−1RO3B1, (72)
where
B1 = m55w1 + m56w2 + m57v1 + m58vδ + h5, vδ = −k(3)1
dφ3
dt
− k(3)2 φ3 + v2. (73)
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In addition, by using Eqs. (43), (63) and (72), the following equation is obtained:
Γα = IRO3w1 − B1. (74)
Denote by rC the point of contact between the rear wheel and the plane, then
rC = r1 + aRiθ , (75)
where r1 denotes the center of the rear wheel, and rC = xCI + yCJ. Hence, as follows from Eqs. (19) and (20) and
the definition of iθ , the following equations are obtained:
dxC
dt
= aR dψ1dt sinφ + u1, (76)
dyC
dt
= −aR dψ1dt cosφ + u2. (77)
In addition, Eq. (29) and the relation rC3 = r3+aFiθ3, where rC3 = xC3I+ yC3J denotes the point of contact between
the front wheel and the plane, imply
dxC3
dt
= aR
(
dψ1
dt
+ dφ
dt
cos θ
)
sinφ +
(
aR
dθ
dt
sin θ − L dφ
dt
)
cosφ
+ (D + aF)
(
−dθ
dt
sin θ cosφ3 − dφ3dt cos θ sinφ3
)
+ u1, (78)
dyC3
dt
= −aR
(
dψ1
dt
+ dφ
dt
cos θ
)
cosφ +
(
aR
dθ
dt
sin θ − L dφ
dt
)
sinφ
+ (D + aF)
(
−dθ
dt
sin θ sinφ3 + dφ3dt cos θ cosφ3
)
+ u2. (79)
Eqs. (63), (64), (67), (69), (70), (72), (73) and (76)–(79), constitute the kinematic model for the bicycle’s motion. The
functions v1 and v2 are determined, in the same manner as in [6], depending on the kinematic control problem to be
solved.
In addition, by using the third and fourth raws of Eq. (42), respectively, and Eqs. (63), (64), (67), (69) and (70), the
following equations are obtained
Γψ1 = B3, Γφ 3 = B4, (80)
where
B3 = m57w1 + m67w2 + m77v1 + m78vδ + h7, (81)
B4 = m58w1 + m68w2 + m78v1 + m88 vδ + h8, (82)
and
vδ = −k(3)1
dφ3
dt
− k(3)2 φ3 + v2. (83)
Eqs. (74) and (80), are obtained, as a by-product of the kinematic model derived above.
3. Example
The following example has been solved here: aR = 0.4 m; aF = 0.2 m; L = 1 m; aRO = 0.25 m; aS = 0.1 m;
L0 = 0.4 m; mR = 4 kg; mF = 2 kg; mRO = 2 kg; mS = 1 kg; mCB = 1 kg. Here, aRO denotes the radius of the
rotor, and aS is a parameter used in the computation of IS , that is, IS = 0.5mSa2S . Also, for this set of parameters,
Dmin = 3.69570646, where
Dmin = min
{
detD(θ, δ): θ ∈
[
pi
4
,
5pi
4
]
, δ ∈
[
−pi
5
,
pi
5
]}
, (84)
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4. Conclusions and remarks
This work deals with the modelling and control of the motion of a riderless bicycle rolling on a moving plane
as described above. It is shown here that the motion of the plane affects only the term h, (42), as is seen from
Eqs. (42)–(52) and (57)–(60), and the expressions for hi , i = 5, 6, 7, 8, that is, Eqs. (85)–(89).
Appendix. The functions hi , i = 5, 6, 7, 8
In this section the mathematical expressions for hi , i = 5, 6, 7, 8, are given.
h5 = −2I52θ˙2 sin θ cos θ − ∂L
∂θ
+ mO1a2R sin θ
[
(θ˙2 + φ˙2) cos θ + φ˙ψ˙1
]
+mFa2F sin θ
[
(θ˙2 + φ˙23) cos θ + φ˙3ψ˙3
]
+ mO1aR sin θ(u˙1 cosφ + u˙2 sinφ)
+mFaF sin θ(u˙1 cosφ3 + u˙2 sinφ3)− aRa−1F sin θ sin δ (ID33 + 2mFa2F)θ˙ φ˙3 sin θ
+ aRa−1F sin θ sin δ [mFaF (u˙1 sinφ3 − u˙2 cosφ3)+ I O33a−1F hψ3], (85)
h6 = 2θ˙ φ˙ sin θ cos θ(ID11 − ID31) − ID31θ˙ ψ˙1 sin θ − mSL(aRθ˙2 cos θ + P˙2(φ))
+ aR cos θ(−2mO1aRθ˙ φ˙ sin θ + m11φ˙2)− L0aR (mCB + mRO)[(θ˙2 + φ˙2) cos θ + φ˙ψ˙1]
+mO1aR cos θ(u˙1 sinφ − u˙2 cosφ)− L0 (mCB + mRO) (u˙1 cosφ + u˙2 sinφ)
− a−1F a76 [−(ID33 + 2mFa2F)θ˙ φ˙3 sin θ + mFaF (u˙1 sinφ3 − u˙2 cosφ3)+ I O33a−1F hψ 3], (86)
h7 = −ID31θ˙ φ˙ sin θ + aR (m11φ˙2 − 2mO1aRθ˙ φ˙ sin θ)+ mO1aR (u˙1 sinφ − u˙2 cosφ)
+ aRa−1F cos δ
[
I O33a
−1
F hψ 3 − (ID33 + 2mFa2F)θ˙ φ˙3 sin θ
]
+ mFaR cos δ (u˙1 sinφ3 − u˙2 cosφ3), (87)
h8 = 2θ˙ φ˙3 sin θ cos θ(ID13 − ID33)− ID33θ˙ ψ˙3 sin θ + aF cos θ [−2mFaFθ˙ φ˙3 sin θ
+mF (u˙1 sinφ3 − u˙2 cosφ3)] − (1+ a−1F D) cos θ [−(ID33 + 2mFa2F)θ˙ φ˙3 sin θ
+mFaF (u˙1 sinφ3 − u˙2 cosφ3)] − (aF + D)a−2F I O33 cos θhψ 3, (88)
where
hψ 3 = −
[
dθ
dt
da75
dt
+ dφ
dt
da76
dt
+ dψ1
dt
da77
dt
+ dφ3
dt
da78
dt
+ P(φ1, φ3)
]
. (89)
Note that
detE(θ, δ) −→ −IS
IS + ID13 as θ −→
pi
2
. (90)
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